We have performed the numerical simulation of the perturbed relativistic torus around the black hole by solving the general relativistic hydrodynamics equations on the equatorial plane. We have monitored the different simple models by applying the radial and angular velocity perturbations to the steady state torus around the black hole. The instabilities are triggered by adding the subsonic velocity fields over the radial and angular velocities of the stable torus.
Introduction
The tori around the black holes are expected to be formed in different astrophysical scenarios such as binary merging of the compact objects, gravitational collapse of the massive stars and supernova explosions [1, 2] . The numerical studies related to the torus and accretion disk around the nonrotating and rotating black holes allow to find out the oscillatory properties of these systems. In order to understand the instabilities and oscillation properties of the black hole-torus system, the numerical solutions of the relativistic equations have been proposed in the last few decades. The dynamical responds of the torus to the internal or external perturbation could be a source of instability and Quasi-Periodic Oscillations (QPOs) observed in the astrophysical phenomena. Since the oscillation epicyclic frequencies are strongly related with the black hole spin and mass, the instabilities and QPOs could be used to constrain the black hole properties [1, 3, 4] . On the other hand, we might also deduce the properties of the strong general relativistic region and it will give an opportunity to compare the various theories of the gravity [5] [6] [7] [8] .
The numerical simulations of perturbed accretion torus around the compact object along the radial direction had been performed by [9] and found that the appropriate epicyclic frequencies were observed in the radial and vertical directions. The applying the periodic perturbation in time excited the vertical motion in a nonlinear way. Many attempts have been made during the few decades to explain the interaction of the black hole-torus system, instabilities, and QPOs observed from X− ray data [10] [11] [12] [13] [14] [15] . The persistent lopsided distribution and strong noncircular motion in an astrophysical system can be strong evidence to explain the nature of the detectable gravitational waves [16] . However, we need to put more efforts to understand these astrophysical phenomena. Therefore, our goal in this paper is to introduce new mechanism by perturbing the radial and angular velocities of the initially stable torus and then we will have an opportunity to explain the physics of these phenomena.
In this work, the effect of perturbation onto the black hole-torus system is studied by using the numerical solution of the general relativistic hydrodynamical equations on a fixed background space-time. The results presented in here only include the hydrodynamics effects in the presence of the radial and angular velocity perturbations onto the stable torus around the nonrotating and rotating black holes. The effects of the magnetic field, viscosity, and radiation on the system have not been taken into account in our calculations. The paper is organized as follows: we give the formulation, numerical setup, boundary and initial conditions, and introduce the initial setup of the relativistic torus in Section 2. In Section 3, the numerical results are given and discussed. The outcomes of the respond of the black hole-torus system to radial and angular velocity perturbations and QPOs due to the oscillation of the torus are presented. Finally, Section 4 concludes the numerical results. We use geometrized unit, G = c = 1 and the space-time signature (−, +, +, +) are used throughout the paper.
Equations, Numerical Setups, Initial and Boundary Conditions

Governing Equations
We consider a nonself gravitating and unmagnetized tori with a perfect fluid equation of state around the nonrotating and rotating black holes. In order to model the instabilities and QPOs produced from interaction of the black hole with a torus due to the perturbed torus, the General Relativistic Hydrodynamical (GRH) equations are solved by using the fixed space-time metric. The GRH equations are given as
where J µ = ρu µ is a current density and T µν = ρhu µ u ν + P g µν is a stress-energy-momentum tensor for a perfect fluid. To use the conservative properties of hydrodynamical equations and to preserve it during the evolution, the conserved form of Eq. 1 can be written in the following form by using the 3 + 1 formalism [17] ∂U ∂t
where U, S, F r and F ϕ are the conserved variable, source term and fluxes defined for the radial and angular directions at equatorial plane, respectively. These quantities can be represented depending on the fluid and thermodynamical variables. More detailed explanations about the GRH equations and their conserved form are given in [17, 18] . The conserved variables and fluxes can be explicitly written in terms of the velocity of fluid and Lorenz factor. The source term is represented as a function of the space-time metric g µν , lapse function α , Christoffel symbol Γ α µν , the stress-energy tensor T µν , and the determinant of three metric γ ij . While the three-velocity is given as v i = u i /(αu t ) at where u µ is called the four-velocity, the Lorenz factor is represented
The detailed representation of GRH equation on a curved fixed background space-time at equatorial plane is given in [18, 19] .
Initial Setups and Definition of the Physical Boundaries
In order to model the perturbed torus, we have solved the GRH equations at the equatorial plane around the black hole. We have used the code which carries out the numerical simulation by using the high resolution shock capturing scheme and it is explained in detail by [18] [19] [20] . The standard Γ law equation of state is used to compute the pressure of the matter. The perfect fluid equation of state gives the relations among pressure, the rest-mass density and internal energy of the gas, P = (Γ − 1)ρϵ with Γ = 4/3. After setting up the stable torus with a constant specific angular momentum inside the region, r in < r < r max , we have to also define the vacuum with some negligible values of all parameters. The low density atmosphere, ρ atm = 10 the maximum density and pressure values at a well defined radial and angular coordinates for the stable torus, respectively. The numerical evolution of the black hole-torus system without any perturbation showed that the dynamic of steady-state torus was uninfluenced by the presence of the defined atmosphere [10] . The general form of the Kerr metric in Boyer-Lindquist coordinates is used to set up the black hole at the center of computational domain using a uniformly spaced grid along radial r and angular ϕ directions. The computational boundaries are located at r min = 2.8M and r max = 200M for the nonrotating, and r min = 1.7M and r max = 200M for the rotating black holes while ϕ goes from 0 and 2π . The number of zones used along the radial and angular directions are (N r X N ϕ ) = (3072 X 256).
The initial torus is in a steady state at t = 0 with a radial v r and an angular v ϕ velocities. The radial and angular velocity profiles of the stable tori around the non-rotating and rotating black holes are given in [21] [22] [23] [24] . The torus is perturbed by adding a velocity field along the radial and angular directions, seen in Table. The new values of the velocities after the perturbation are given in the last two columns of the Table. The magnitudes of the perturbations added to the velocity fields are subsonic and they are proportional with the original velocities of the steady state torus and the radial coordinate. The perturbation of the radial velocity is handled by adding the power law function to the original radial velocity of the stable torus. The perturbation of the radial velocity with a power law is needed to have a right profile for radial velocity within the torus around the black hole. The physical boundaries have to be defined correctly to avoid the unwanted oscillations. So the outflow boundary condition is set up at r min and r max in radial direction. The zeroth-order extrapolation is used to fill the values of all variables. While the radial velocity of matter v r should be bigger than zero at the outer boundary, it must be less than zero at the inner boundary. The boundary along the angular direction is handled by using the periodic boundary condition.
Dynamics of the Stable Torus
The analytic definition of the nonself-gravitating relativistic torus for a test fluid was first studied by [25] . It was found a sharp cusp for marginally stable accreating disc located at an equatorial plane around the black hole. Later, the torus with a perfect fluid equation of state was numerically analyzed in detail [21] [22] [23] [24] . The polytropic equation of state P = Kρ Γ was used to build an initial steady state torus in hydrodynamical equilibrium
with the values given in Table. The matter of the torus is rotating in a circular orbit with nongeodesic flow between inner r in and outer r max boundaries. The Γ = 4/3 mimics a degenerate relativistic electron gas. The centrifugal and gravitational forces are balanced by significant internal pressure to maintain the system in hydrodynamical equilibrium. 
The torus around the black hole may be formed as a consequence of merging of the compact binaries (merging of the black holes, neutron stars or their mixed binaries), gravitational collapse of massive star, or supernova explosions. These phenomena propose that we may have a torus in nonequilibrium after it is formed. In order to understand the physical nature of an unstable black hole-torus system and perturbation of the torus by any small displacement of the radial or angular velocity, we use the initial conditions for a nonself gravitating-unmagnetized perfect-fluid torus orbiting around a black hole using the formulations given by [22, 24] .
The values of the physical variables for the stable torus are: the highest density of the torus, the mass ratio of the black hole-torus, the polytropic constant, the constant specific angular momentum, inner and outer and r c = 3.4 (see Table) . r c represents the location of the maximum density of the torus along the radial coordinate.
Numerical Results
In this section, we investigate the respond of the torus to the radial and angular velocity perturbations around the nonrotating and rotating black holes. The evolution times of the models vary from model to model depending on the disk instabilities and relaxation times. We have studied the torus dynamics and their instabilities for various values of perturbations given in Table and compared them to have a deep understanding of the influence of the perturbations on the torus dynamic.
In order to understand the properties of the torus dynamics and instability we should compute the timedependent analysis of the mass accretion rate. The mass accretion rate is computed in spherical coordinate at the equatorial plane by using the following expression
DÖNMEZ/Turk J Phys where α , γ , ρ , and u r are the lapse function, the determinant of the three-matrix, density of the torus, and four-velocity along the radial coordinate, respectively.
Perturbed Torus Around the Nonrotating Black Hole
The radial and angular velocity perturbations can cause the oscillation of the torus potential well. In order to see the effect of the angular velocity perturbation, we increase the angular velocity of the stable torus from 10%-40% and compute the mass accretion rate using the Eq. 3. It is seen in Figure 1 that the mass accretion rate oscillates with very low amplitude for the models P T − M 1 and P T − M 2 . The angular momentum deformation of the stable torus initially gives a first kick and then the torus maintains its dynamical structure during the evolution around the nonrotating black hole. The time evolution of the mass accretion rate computed at r = 6M is displayed in Figure 2 for the same models. More detailed insights have been seen at the early time of numerical simulation. The greater value of the perturbation for the angular velocity can let the gas move inward from point r = 6M . So the stable torus is destroyed in a short time scale which is less than 2 orbital periods. The case with a small angular velocity perturbation can allow the torus to oscillate during the evolution with a certain frequency. But the amplitude of oscillation is significantly low. The mass accretion rate computed at the inner boundary of the torus, (rmin = 2.8M ) , around the nonrotating black hole a = 0.0 is plotted for the perturbed torus, taking into account of the deformation due to increased angular momentum of the initial torus. While the black straight line is representing the oscillating mass accretion rate in case of angular velocity of the stable torus increased by a ten percent, the red dashed line is for forty percent increasing in the angular velocity. The mass accretion rate of the model P T − M1 having an initial perturbation for angular velocity
ϕ oscillates around a certain point but the torus is more destroyed for larger value of the perturbed angular velocity which is given in model P T − M2 after the less than 13 orbital period.
The perturbations in the radial and angular velocities describe the different global oscillation properties of the torus. It is found that the radial velocity perturbation can significantly cause a bigger oscillation when we compare with the angular velocity perturbation, seen in Figure 3 . The oscillation of the mass accretion rate for models P T − M 3 , P T − M 4 , P T − M 5 and P T − M 6 is given in Figure 3 . The oscillation amplitude grows after t = 100M and it dumps a significant amount of matter inside the black hole at the early time of simulation. But it reaches to a quiescent state around t = 1000M and restores the quasi steady state cases with a lower density. Figure 1 but it is computed at (r = 6M ) . The bigger value of perturbation for angular velocity can let the gas move outward from point r = 6M until t = 10M . So the stable torus is destroyed in a short time scale which is less than 2 orbital periods. The case with a smaller angular velocity perturbation can allow the torus to oscillate during the evolution with a certain frequency. rest mass density of the perturbed torus around the nonrotating black hole is given as a function of time. At t = 0 , the torus is initially at a steady state. The instability is created and the mass is accreated toward to the black hole just after the perturbation is applied to the radial velocity. After t = 15108M , it looses some of its mass and then almost reaches a new equilibrium position. During this process, it makes a quasi-periodic oscillation.
Perturbed Torus Around the Rotating Black Hole
Investigating the disk oscillation and dynamic around the rotating black hole may provide more insights about the quasi-periodic behavior of the torus close to the black hole. To study the oscillation and quasi-periodic behavior of the torus, we have performed the numerous of numerical simulations with different values of the radial and angular velocities around the Kerr black hole. Figure 5 shows the mass accretion rate around the Kerr black hole with a rotation parameter a = 0.9 for models P T − M 7 and P T − M 8 . The oscillatory behavior of the perturbed torus is established after a few orbital periods for the angular velocity perturbation. But the oscillation amplitude is smaller for the torus which is perturbed with a higher angular velocity. It happens due to the more dumped matter at the early times of simulation. It is obvious from Figure 6 that the modes are excited from the radial velocity perturbation. The mass accretion rate shows the more oscillatory behavior during the evolution for models P T − M 9 , P T − M 10 and P T − M 11 . The presence of radial and orbital modes of oscillation is expected. Our numerical results show that the radial mode is more excited than the orbital mode. The dynamical change of the torus structure as a function of time is given in Figure 7 . Even though we observe some quasi-periodic behaviors of the torus and the mass is accreated toward to the black hole, the dynamic of the torus and its rest mass density almost remain constant during the evolution. 
Fourier Mode Analysis of the Instability of the Torus
Numerically, the nonaxisymmetric instabilities can be detected and characterized by using the perturbation of the torus around the black hole. Computing the saturation point and the azimuthal wave number m will allow us to determine the type of instability. It can be handled by performing the numerical computation of the Fourier power in density. The Fourier modes m = 1 and m = 2 and their growth rates can be obtained at the equatorial plane by calculating imaginary and real parts of the mode power and it is given as [26] ,
Re(w m (r)) =
So the mode power is defined from the Eqs.4 and 5 as
where r in is the inner radius and r out is the outer radius of the initially formed stable torus.
The nonaxisymmetric instability can grow on a dynamical time scale and so-called Papaloizou-Pringle instability [27, 28] . The perturbation of the black hole-torus system can cause to arise a Papaloizou-Pringle instability observed previously by [10] [11] [12] . In this section, we numerically prove the occurrence of PapaloizouPringle instability in the presence of the radial and angular velocity perturbations around the nonrotating black hole. As it is seen in Figure 8 , we do not observe any Papaloizou-Pringle instability for models P T − M 1 and P T −M 2 but the instability is weakly observed for the models P T −M 3 , P T −M 4 , P T −M 5 and P T −M 6 , seen in Figure 9 . The saturation points are created around t = 100M and then the Papaloizou-Pringle instability starts to disappear around t = 10000M for the models P T − M 4 and P T − M 6 . In order to maintain the instability, the waves must be kept inside the torus by reflecting it at inner and outer boundaries.
In order to understand the strengthness of the global oscillation modes, we plot the m = 1 , m = 2 and m = 3 growth modes of model P T − M 3 , seen in Figure 10 . It is noted that all modes have almost same strength. The Papaloizou-Pringle instability is seen in the early time of simulation but it disappears later.
It is obvious from the growth rate of the Papaloizou-Pringle instability around the nonrotating black hole that the nonaxisymmetric instability do not grow in the tori orbiting around the black hole. But it is seen in Figure 11 that the nonaxisymmetric instability mode grows especially for models P T − M 7 , P T − M 8 , P T − M 9 , and P T − M 10 around the rotating black hole. The Papaloizou-Pringle instability structure persists for enough time which is longer than the dynamical time of the torus. This type of instability would become a stronger emitter with a large amplitude [16] . After the radial and angular perturbations are applied onto the black hole-torus system, the instability grows in the first orbital period and then it reaches a peak value called saturation point. Finally, it settles to an approximately nonzero constant value for all models given in Figure 11. 
QPOs from the oscillating Torus
It is interesting to define the spectra of the oscillating accretion disk and the torus around the black hole. The global modes and their overtones may allow us to understand the nature of oscillations observed in a perturbed Figure 8 but it is for the torus around the rotating black hole, a = 0.9 given for models P T − M9 , P T − M10 and P T − M11 in upper and for models P T − M7 and P T − M8 for lower panels.
system [29] [30] [31] . The physical variables and black hole parameters used in the performed numerical simulations are given in Table. The numerical results indicate that the global oscillations are observed at various frequencies. The proper time is used to compute the frequencies of the oscillating torus and the following equation is used to compute the oscillation frequency which translates the geometrized unit into Hertz relative to the black hole mass
where M ⊙ , M , f (Hz) , and f (M ) are the solar mass, mass of the black hole, frequency in Hz , and the frequency in the geometrized unit, respectively.
The parameters of the black holes, such as mass and spin, can be extracted from the power spectrum by analyzing the theory of the quasi-periodic oscillation of the black hole-torus system. There are number of proposed models to explain the observed frequencies and their relations with orbital motion and perturbation applied on the black hole-torus system. Such models may explain the nature of frequencies and their variation with the black hole mass and spin [32] .
Here we have proposed QPOs from the radial and angular perturbations of the torus. Figure 12 shows the power spectrum as a function of frequency around the nonrotating black hole. The highest peaks and subsequent overtones are observed and they create 1:2:3:.. ratios for all models but the amplitudes of peaks are really low close to the order of noise level (i.e. level of background oscillation or an oscillation amplitude of the unperturbed torus around the black hole). On the other hand, the observed peaks around the rotating black hole-torus system are more powerful and the 3:2 ratio occurs in the oscillating torus due to overtone and nonlinear coupling of the overtones. The nonlinear coupling may be an important excitation mechanism of the X-ray flares [10, 20, [23] [24] [25] 33] .
By comparing the power spectrum obtained from the oscillating torus around the nonrotating and rotating black holes by using the spectral methods, it is noted that QPOs around the rotating black hole are more powerful. As seen in Figure 13 , they are in the observable ranges. It is also noted that the black hole rotation parameter has a large impact on QPOs. 
Conclusion
We have studied the effect of the radial and angular velocity perturbations on the stable torus around the nonrotating and rotating black holes. From this extent, we have numerically solved the general relativistic hydrodynamics equations on the equatorial plane. We have searched the instabilities and QPOs that are the consequence of the applied perturbations onto the torus and also have identified the modes and QPOs of the oscillations.
It is seen that the Papaloizou-Pringle instability arises from the interactions of the nonaxisymmetric waves due to the perturbations of the black hole-torus system on a dynamical time-scale. We numerically prove the occurrence of Papaloizou-Pringle instability in the presence of the radial and angular velocity perturbations around the nonrotating and rotating black holes. The Papaloizou-Pringle instability in the torus around the rotating black hole is stronger and persists its structure enough time, which is longer than the dynamical time of the torus, than the instability in the torus around the nonrotating black hole. After the radial and angular perturbations are applied on the torus, the instability almost grows in the first orbital period and then it reaches to a saturation point. Finally, it settles to a nonzero constant value for all models. The latest observation indicates the evidence of Papaloizou-Pringle instability in Seyfert galaxy N GC 1068 seen by ALM A [34] . The radial and angular velocity perturbations of the torus could be used to explain the nature of the instability observed in this galaxy.
The perturbed torus manifests the respond of the perturbation to all thermodynamical and hydrodynamical parameters. The power spectrum analysis of the density gives more insight about the quasi-periodic properties of the torus. In this paper, we have proposed QPOs from the radial and angular perturbations of the torus. It is shown that the 1:2:3:.. ratios are observed but the strengths of the observed peaks are really close to the order of noise level (i.e. level of background oscillation or an oscillation amplitude of the unperturbed torus around the black hole) in the case of the nonrotating black hole. However, the observed peaks around the rotating black hole-torus system are more powerful and the 3:2 ratio occurs in the oscillating torus due to overtone and nonlinear coupling of the overtones.
Our numerical approximation is addressing one of the simplest models of disk instabilities and QPOs observed in the torus around the nonrotating and rotating black holes in the hydrodynamical region. In order to come up with more certain results and compare them with the observations, we should have more realistic scenarios including the role of magnetic field and radiation.
